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Review of Complex Numbers

1.1 Basics

A complex number z = x + iy corresponds to the point in the plane
designated by the ordered set (z,y) of real numbers.

The number z is called the real part of z, denoted Re(z).

Likewise, the number y is called the imaginary part of z, denoted Im(z).

1.2 Multiplication
Multiplication of complex numbers is defined by specifying that i? = —1,
and that real numbers multiply in the usual way.

1.3 Polar form of complex numbers
We may write a complex number as
z=re

where £ = rcosf and y = rsind. Euler’s formula specifies that e =
cosf + isinf. The number 6 is called the argument of z and the collection
of possible arguments is denoted [arg(z)]. When z is specified, its argument
is not uniquely determined: if @ is one possible value of the argument of z,
so are 0 + 2mn for all n = 0, 4+1,+2,.... One may choose a unique value for
the argument by insisting that the argument 6 take its value satisfying

—r <0 <m;



the value of the argument satisfying this constraint is called the principal
value of the argument and is denoted Arg(z).
Fact: [arg(z1220)] = {01 + 02 | 01 € [arg(z1)], 62 € [arg(z2)]}.

Suppose 21 = r1e"" and 2y = r9€?2. In order that z; = 2z, we need that
ri =1y and 07 = 05 + 2mn for some n =0, +1,£2, ...
1.4 Modulus

The modulus of z is |z| = 2? + y?. Geometrically the number |z| is the
distance between the point (x,y) and the origin, or the length of the vector
representing z. Note that while the inequality z; < z5 is meaningless unless
both z; and 2z, are real, the statement |z;| < |23 means that the point z; is
closer to the origin than the point 2z is.
Triangle inequality:

|21 + 22| < |21 + |22

1.5 Complex conjugate
The complex conjugate of a complex number

Zz=x+1y
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We have |z|* = zz.
1.6 Elementary properties
If z and w are complex numbers, we have:

l.z2==z2
2. 2Re(z) =2+ 2z; 2Im(z) =2 — Z
3.1z] = |7]

4. z+w=2z+w; zZwW=zZw.

5. Note that |zw| = |z||w]|, but that in general |z + w| # |z| + |w].
1.7 Inverse

The multiplicative inverse of a complex number is 271 = z/|z|%.

If 2 =re? then 27! = r~le=®. (Geometrically, the modulus of 27! is the
reciprocal of the modulus of z, and the ray through z=! is the reflection in

the real axis of the ray through z.)
1.8. Powers and roots of complex numbers

These are best handled by expressing the complex number in polar coor-
dinates: z = ret



For m =1,2,... we then have

P TmeimQ
and
Zl/m — 701/17161'(9+27rn)/m
for all n = 0,4+1,42,.... All possible values are obtained by taking n =
0,1,...,m — 1; there are m possible roots.

Example: Find the cube roots of z = —2.
Solution: —2 = 2¢'™ g0 (—2)1/3 = 21/3¢i(n+2mn)/3
= 213 where w = /3 '™ 57/3,
1.9 Multiplication in polar coordinates
21 = 11601, 29 = 1r9e™? = 2129 = 119 01162)
Example. z; = 141,20 = —1 41
2 = V26 5y = 2/
= 2129 = 2T = —2.



