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1.

(a)

Duration: 110 minutes

Is the function

f(z) = 2|2
differentiable for any points z in the complex plane? If so, for which ones? What
is the derivative at these points?

Solution: ( ) o) £ )
. flz+h)— f(z z4+h)z+h—2°Z
/ _ _
fz) = lim, h N h
. 22zh + 2%h
=lim ——
h—0 h

This gives 2[2|> + 22 The latter limit is not well defined because if h = re® it
gives e~2% which depends on the angle . So the derivative only exists at z = 0

Let g(z) = z. Compute the limit
1:1_>n% g(z+2).
Solution: This is lim, gz +2 =2

Compute the values of the following integrals around the circle y(1; 1), with centre
1 and radius 1, and with counterclockwise orientation:

1
/y(l;l) f(Z)dZ, Where f(Z) = m .
Solution: Partial fractions
1 A B A(z—1i)+ B(z—1)
CoD)G—1) 2-1 2=i  (G=1(-9

This gives A+ B=0and —iA—B=1s0 A= == (1+1i)/2.
The circle contains 1 and does not contain ¢ so we get 2m:B by the Deformation
Theorem.



MATQ‘%H}{Z)G’G ~ be the square with vertices 2 — 2i, 2+ 27, —2 + 2i, —2 — 2i traversed#¢hé

3.

4.

counterclockwise direction. Compute

/f(z)dz where f(z) = = 7,)(12 3

Solution: The square contains ¢ but does not contain 3i. Using partial fractions

1 A B

(z —1i)(z — 3i) z—z’+z—3i
Az — 3i) + B(z — 1)
(z —1i)(z — 3i)

so A= —-Band —3iA+iA=1ori(—2A) =1or A=1i/2. So by the Deformation
Theorem the integral is 2mi(i/2) = —1.

Can there be a function F' with
dF 1

dz 2
for all z in the punctured disc D’(0,1) with centre 0 and radius 1?7 Solution: No.
Such a function would have to equal log(z) but log(z) is a multivalued function on the

punctured disc. log(re?) = In(r) + 0 but 0 is not well defined on the punctured disc
(since e¥ = ¢!(0+2m)),

(a) State the Cauchy-Riemann equations.
Solution: ug, = vy, v, = —uy,

(b) Let f be a holomorphic function,

flz +iy) = u(z,y) +iv(z,y)

for which u(z,y) = v(x,y) for all x and y. Show that f is constant.

Solution: Same solution as midterm 01 question about a holomorphic function
which is real everywhere (instead of its being real everywhere it is a real multiple
of 1 4 i everywhere)



